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ABSTRACT 
In this paper we define a new class of mappings, different from mappings of Banach type (see 
definition 2.4). A new theorem on fixed points and another theorem on identity mappings are given 
in the more general setting of pseudo-quasimetric spaces. 
1. INTRODUCTION 
In many fixed point theorems for mappingsf : E -+ E, where (E, d) is a metric 
space, the very core is to prove that there exists a A < 1, such that for each 
xOe E, the iterative sequence (x,,) =(f”xo) satisfies, for each n EN, the in- 
equality 
(*) 4%+1,x,) 5 W&x,-,) 
(see e.g. ill, PI, [31, 141, 151, 161, [71, 191). 
The above mentioned mappings form the large class of mappings satisfying 
the condition: 
(S’A < 1) ( VXE E) (d(fx,f’x) 5 ld(x,fx)); 
we call them mappings of Banach type. 
But, obviously, for (x,) to be a Cauchy sequence, it is not necessary that the 
inequality (*) holds for each n EN; it is sufficient that it holds for n > no. 
In this paper we define a new class of mappings (see definition 2.5) that differ 
from the class of Banach type mappings. For these mappings the inequality (*) 
holds for nzn,, where no depends on x. 
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A new theorem on fixed points and another theorem on identity mappings 
are given in the more general setting of pseudo-quasimetric spaces, special cases 
of which are the pseudo-metric spaces, as well as the locally convex spaces. 
We give also some propositions and examples clarifying the relation between 
our class of mappings and the class of Banach type mappings. 
2. DEFINITIONS 
DEFINITION 2.1. A function d : E x E -+ R, is called a pseudo-quasimetric in 
E, if for every three points x, y, z E E, the following conditions are satisfied: 
a) d(x, y) 2 0 and x =y * d(x, y) = 0, 
b) d(x, y) = d(y, x), 
c) d(x, y) I k[d(x, z) + d(z, y)], where kz 1. 
The number k is called the coefficient of the pseudo-quasimetric. For k= 1, 
d is a pseudo-metric. 
Let (di)i.I be a family of pseudo-quasimetrics in the set E, with coefficients 
ki, respectively. For each a E E and for each finite set JC I, let B(a, .I, (Ti)J), be 
the set 
{x~E: ViEJ,d;(x,a) < ri}, 
where ri, for i E J, are positive numbers, The family 
t={GCE: VaEG,~~(a,J,(Ti)J)CG} 
is a topology in E (see [8]). The pair (E, T), or (E,(dJ[) is called a pseudo- 
quasimetric space. 
DEFINITION 2.2. A sequence (x,) in a pseudo-quasimetric space (E, (di)l) is 
called a Cauchy sequence if, for each ieZ, 
lim d,(x,,x,) = 0. 
n,m+m 
DEFINITION 2.3. A pseudo-quasimetric space (E, 5) is called f-orbitally com- 
plete, where f : E -+ E is a mapping, if every iterative sequence (x,,) = (fxo), 
x0 E E, is convergent whenever it is a Cauchy sequence. 
Let (E, (di)r) be a pseudo-quasimetric space and, for each i E I, let ki be the 
coefficient of di. 
DEFINITION 2.4. A mapping f: E -+ E is called of Banach type if, for each 
iel, there is a l,ZO, such that kidi< 1 and 
VxeE dj(fx, f ‘x) I l;dJx, fx). 
DEFINITION 2.5. A mapping f: E + E is called contractive of third order if, 
for each ieZ, there exist real numbers Ai,Bj, C’;, such that: 
a) VxeE Ajd;(x,fx)+B,d,(fx,f2x)+Cid;(f2x,f3x)~0, 
b) B,?-4AiCi L 0, 
c) A;> 0, A;k?+B;ki+Ci>O, 2A;ki+Bi<0. 
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3. THE MAIN RESULT 
THEOREM 3.1. Let (E, (dJ1) be a Hausdorff pseudo-quasimetric space. If 
a) the mapping f: E -+ E is contractive of third order and sequentially con- 
tinuous, and 
b) the space (E, (di)r) is f-orbitally complete, 
then, for each x0 E E, the sequence (x,) = (f”xo) converges to a fixed point off. 
PROOF. First, we make these remarks: The conditions Bf-4AiCi20 show 
that each equation AiX2+ BiX+ Ci =0 has two real distinct solutions, or one 
double solution; we denote them (Xi, pi. The conditions Ai>0 and 2Aiki+ 
Bi< 0 show that half of their sum, (oi + pi)/‘2 = - Bi/2Ai, is greater than ki; the 
condition Aik? + Biki+ Ci>O shows that the smallest solution, (Yir is greater 
than ki. Also, it follows that Ci is positive, because oi and pi, being greater 
than ki, are positive too. 
Let x0 be a point of E and i E I. Substituting, for each n EN, x=x, _ , in the 
first condition of contractivity, we obtain: 
Ai~~(x~-,,x~)+Bi~i(x~,xn+~)+Ci~i(x~+~,x~+2) 10. 
Denote, briefly, di(Xa _ r, x,) = a,, . So 
(*) Aia,+Bia,+,+Cia,+2IO. 
If, for some n 2 1, a, = 0, then the inequality 
Aian_t+Bia,+Cia,+l 10, 
would imply 
Aia,_l +Cian+l I 0, 
and from the inequalities Ai> 0, Ci> 0, a,_ i L 0, a,,+l 2 0, it follows that 
a, _ 1 = a, + i = 0. By induction, it follows that for each n EN, a, = 0. So for this 
i E I, the sequence (di(Xn _ t, x,)) satisfies the condition 
di(xn9xn+*) 5 Li di(Xn-IvXn)9 
whatever the numbers ,$zO. 
Suppose now that biz EN, a,>O. From (*), we have 
Ai%. a,+1 an+1 
a,+1 
-+Bi- +CilO 
an+2 an+2 
and, denoting Vn EN, b, = a,/a,+, , we have: 
(**) A;b,b,+,+Bib,+,+CiIO. 
or, 
b,+,(Aib,+B,) I -C;. 
Since Cj > 0, it follows that Vn EN, A; 6, + Bi< 0, and hence, 
b n+lZ - 
ci 
Aib,+Bi’ 
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If for some no EN, b,, 2 oi, then from the increasing nature of the function 
V, : x--t -Ci/(Aix+Bi), for which czi is a fixed point, we would have: 
b >- 
ci 
no+1 - 
Aib,,+Bi 
= p(b,,) L p(ai) = ai. 
Thus b no+l L (Yi and consequently, for each n LIZ~, we would have b,rai, or 
di(xiy9xn+l) 5 Aidi(Xn-i,Xn)* 
where pi= l/oi< l/ki and Aiki< 1. 
Suppose now that b52 EN, 6, < (Yim It is easy to see that for X< oi the ine- 
quality p(x) >x is true, hence b”n EN 
b nil 22 - 
ci 
Aib,+Bi 
= db,) > b,. 
So the sequence (b,) is monotone and bounded by oi, hence it is convergent to 
some number b. From (**) it follows that Ai b2 + Bi b + Ci 5 0. This shows that 
when Cri#pi, then b E [ai, pi], and when ai=Pi then b = pi. Since Vn EN, 
6, < ai, it follows that also in the first case b = ai. SO, limb, = ai. Let pi, be a 
number such that ki< 1 /‘Ai < oi. It is clear that there is a no EN such that for 
n>no, b,L l/~i, or di(X,X,+l)lnidi(X,_l,X~), where pi< 1, even kiwi< 1. SO, 
in each case, there exist a Ai such that ki ;ii< 1 and a no EN such that for n > no, 
di(X,,~,+l)lnidi(X,_I,~,). From this it follows that for n>no, 
di(Xn,Xn+i) I AI-“” di(xno9 xno + 1) = nq”, 
where M=&‘“di(X,,oPX,,o+l). The estimation 
di(Xn+p,Xn) ~ki[di(x,,x,+,)+di(X,+~,X,+p)l 5 
5 kidi(x,,x,+,)+kf[di(x,+,,x,+,)+di(X,+2,X,+p)l 5 *** 5 
rkidi(X,,x,+,)+ki2di(x,+l,x,+2)+ *** +kfdi(Xn+p_l,xn+p)I 
5 (/#+k$;+‘+ . . . +kf’A;+p-l)M= 
41 = l/k,“-‘(q,“+q,!+‘+ *** +q,~+p-l)M<-$-- = Mki -A?, 
I l- 4i l-4i 
where qi = ki Ai< 1, which is valid for each i E Z, shows that (x,) is a Cauchy se- 
quence and since the space is f-orbitally complete, it converges to some point 
UEE. 
From the sequential continuity off, it follows that fx, =x,, +, + fu; on the 
other hand, x,+i + U; since E is a Hausdorff space, fu=u. 
Note. This theorem is only an existence theorem. To guarantee the uniqueness 
of the fixed point we may add, for example, a condition like this: For every two 
distincs points x, y E E, there are an i E Z and four n numbers m, n,p, q EN, such 
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that 
d, (f”x, f”~) < d; (f’x, fqr) . 
But we think the above condition would be artificial. 
THEOREM 3.2. Let (E, (d,)[) be a Hausdorff pseudo-quasimetric space and 
f: E--f E a mapping satisfying the following: 
For each in I there exist real numbers Ai, B;, C;, such that 
A;>O, Bf-4AiCi<0 and for each XEE, 
A;d;(X, fX) + Bid;(fx, f2X) + Cid;(f’X, f3X) I 0. 
Then f is the identity mapping. 
PROOF. As in Theorem 3.1 one can show that for each i E I and for each n EN 
(***) Aia,,+B;a,+,+C;a,+,~O, 
where a,, = d;(x, _ ,, x,), x,, =f”xo , and x0 E E. If all a, were positive we would 
have 
(****) b,+,(A;b,+B;) 5 -C,, 
where b, = a,/a, + , . From the condition B,? - 4A,C,< 0 it follows that C, > 0 
and hence, for each HEN, Aib,+Bi<O, or b,< -B;/A,. Also, b,+lz 
- C;/Aib,+ C;=v(b,), where P(X)=-Ci/AiX+ Bi. Since for X< - Bi/A,, 
p(x)>x, then cp(b,)>b, and b,+l>b,. 
The sequence (b,) is monotone and bounded, hence it converges to some 
number 6. From (****) it follows that 
which contradicts the fact that for each XE R we have Aix2 +BiX+ C, >O. It 
follows that there is a no EN, such that ano =O. If no22 then (***) yields 
AiQno-t+Cia,,+l- (0. Since Ai>0 and Ci>O, it follows that ano_l = 0, and by 
induction, that a, = di(Xo,x,) = 0. This result is valid for each i E I; consequent- 
ly x0 =x1, or fxo =x0. Since x0 was an arbitrary point of E, the theorem is 
proved. 
4. COMPARISON OF THE CLASS OF CONTRACTIVE MAPPINGS OF THIRD ORDER 
WITH THE CLASS OF BANACH TYPE MAPPINGS 
The following propositions and examples will show that the two above men- 
tioned classes of mappings have a non-void intersection, but neither one is con- 
tained in the other. 
Let (E, (di)l) be a pseudo-quasimetric space and for each i E I let ki be the 
coefficient of di. 
PROPOSITION 4. I. A necessary condition for a mapping f: E + E to be con- 
tractive of third order, is the following: 
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For each ie Z there is a Bi>O, such that 
VXE E fiidi (XyfX) I d;(fXyf2X)). 
PROOF. Suppose f is contractive of third order. Since Cir 0, we have ViEZ 
and VXEE: 
or 
pi di (X9 fx) 5 d; (A f2X), 
where pi= -Ai/Bi>O. 
The above condition is not sufficient, Indeed, the mapping f: R, -+ R, , 
defined by fx =x+ a, where a> 0, satisfies the condition 
d(x, fx) = a = d( fx, f 2x) 
for each xcR, so 
Pd(x, fx) 5 d(fx, f 2x) 
holds for pll, but this mapping is not contractive of third order, because it 
has no fixed point, while f is continuous and (R,, d) is complete. 
PROPOSITION 4.2. If the mapping f: E + E satisfies the condition: Vie Z 
2lai,pi, such that O<pi<(Yi, kioi<l and VX~E 
pidi(x,fx) 5 di(fxvf’x) 5 aidi(x,fx), 
then f is contractive of third order. 
PROOF. For each iEZ, let Ai= 1, 
(*) 
l_kiPi ki 
Ci> p-m 
l-kioi pi 
and 
(**) -(k,+ 2) <BiI -(i +CiCXi) 
Note that (**) can be satisfied, since (*) implies 
-(,i+ ~) < -(t +CiCYi). 
First, VXE E, 
di(x,fx)+B,di(fxTf2x)+Cidi(f2xvf3x) 
which is easily seen from the right side of (**). 
In order to show that B,? - 4Ai Gil 0, we remark that for each XL 0 the ine- 
quality 
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1 - - ( > Pi +CZiX I -2fi9 
is true, because it is equivalent to 
and the last is true, because 
Consequently, 
BiI -(i +a;,> I -2fi, 
and from this it follows that B,? - 4Ci> 0. 
From the left side of (**) it follows that kf + Bi ki+ Ci> 0. 
Finally, in order to show that 2ki+ Bi< 0, we remark that 
l_kiPi ki 
~.- 
l-kicri pi 
2 k,!, 
because this inequality is equivalent to the following inequalities: 
k?aipi r 2kiPi-1, 
1 
kicrir 2- - 
ki Pi 
and the last is true, because, in view of the clear inequality x+ l/x22, we have 
1 1 
- +kioi> z +kiair2. 
ki Pi I I 
Consequently, Ci> k,?, -2~<-2ki, and BiI_2fi< -2kiy or 2ki+Bi<O. 
The statement is proved. 
From this proposition it is seen that all the Banach type mappings satisfying 
the necessary condition expressed by Proposition 4.1, are contractive of third 
order. But not every Banach type mapping satisfies this condition. There are 
thus Banach type mappings not contractive of third order. Here is an example: 
EXAMPLE 4.3. Let (q,J be a sequence of positive numbers, converging to 
zero. We construct a sequence (x,) such that x1 <x2 and for n I 2: 
x,+1 -xn = 4nkI-4-1). 
It is clear that V’~EN, x,-x,_,rO and since for n>n,, qnsq<l, the 
estimate x, + 1 - x, I q(x, -x,_ ,), shows that (x,) is a Cauchy sequence in R, 
hence convergent o some point a. 
Let be E= {xn: n EN} U {a} and let f: E -+ E be the mapping defined as 
follows: 
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fxn=xn+,,fa=a. 
The space E with the metric induced by that of R, is complete. 
If we suppose V’n EN, qn 5 q< 1, then the above mapping will be of Banach 
type, because for x=x,_ 1, 
d(fx,,2X)=d(x,,x,+l)=X,+1-X,~q(x,-Xn-1)=4d(X,fX) 
and for x = a, 
d(fx, f2X) = 0 I qd(x, fx). 
But this mapping does not satisfy the necessary condition of the contractivity 
of third order, because for x=x,-i, we have 
Wkf*x) xn+i -x, 
d(x,fx) = 
=4n 3 
~ o 
x,-x,-1 
hence there does not exist a p>O with the property expressed in Proposition 
4.1. 
A very slight modification of the above example yields examples of Banach 
type mappings that are, at the same time, contractive of third order. For this 
it suffices to choose the sequence (qn) so that bsz EN: 
The mapping of Example 4.3 in this case will satisfy, for each xeE, the con- 
dition 
Pd(x, fx) 5 d(fx, f2x) 5 q&x, fx). 
The right side of this condition shows that f is of Banach type, while Proposi- 
tion 4.2 shows that f is contractive of third order. 
The following example gives contractive mappings of third order that cannot 
be of Banach type for any coefficient q< 1. (The space E will be metric.) 
EXAMPLE 4.4. Let A, B, C, be three real numbers such that B* -4AC20, 
A >O, A + B+ C>O and 2A + B<O. (Let these numbers be the coefficients of 
a quadratic equation Ax* + Bx + C = 0, with two solutions greater than 1 and 
with A > 0). 
Let b2 be a positive number less than 1 and for n 12, let b,, , be a number 
such that 
cp(b,) 5 b,+, 5 o = ~(a), 
where p(x) = -C/Ax+ B and (r is the smallest solution of the equation 
Ax2 + Bx+ C=O (a is also a fixed point of v). Such a choice for b,+, is possi- 
ble since v, is increasing. It follows without difficulty that b, + a. For nl2, 
denote q,, = l/b,. Thus q2 > 1. Construct the sequence (x,) such that x2 >xr 
and for n12 x,+~ -xn=q,(xn-xn_l). Since q,+l/a<l. It follows that (x,,) 
is a convergent sequence. 
Let E= {xn: neN} U {a}, where a = lim x,, , and let f: E -+ E be the mapping 
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defined by the conditions fx,, =x,, + ,(n EN) and fa = a. This mapping is con- 
tractive of third order with coefficients A,B,C. The condition A&x, fx)+ 
Bd( fx, f 2x) + Cd( f *x, f 3x) I 0 is clearly satisfied for x = a. For x=x, , (n 1 l), 
we have: 
A&+, -xn>+B(xn+2-xn+,)+C(xn+3-~n+2) = 
=A(x,+l-x,)+Bq,+l(xn+~-xn)+Cqn+2qn+1(xn+1-~n)= 
= (Xn+l -x,)(A+Bqn+l+Cqn+lqn+2)~0, 
because 
B 
A+Bqn+,+Cqn+Iqn+z=A+ ~ 
C 
b n+l + bn+,bn+2 = 
1 
= bn+,bn+z 
(Ab,+1&+2+Bb,+2+‘3 = 
1 
= bn+,b,+z 
[b,+,(Ab,+,+B)+Cl 
and 
b n+22 v(b,+,) = .,,;+, . 
But this mapping cannot be of Banach type for any coefficient q< 1 because 
at least one of the numbers qn, namely q2, is greater than 1. So 
d(x,,x,) = q2d(xz,xl) > @2,x1). 
We can construct sequences (x,) of the above type without common members 
and for the same coefficients A, B, C, in whatever quantity. Denoting by E the 
set of all their members and their limits, and by f: E -+ E, the mapping that for 
each of these sequences (x,) and for their limits a, satisfies the conditions 
fxn=xn+,, fa= a, we obtain an example of a contractive mapping of third 
order that for each q < 1, fails to satisfy the Banach condition in any arbitrary 
set of points (which has the same cardinal as the set of used sequences). 
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